Abstract-Due to parameter variations with stator currents, the derivatives of machine parameters with respect to current angle or d-axis current are not zero. However, these derivative terms are ignored by most of mathematical model based efficiency optimized control schemes. Therefore, even though the accurate machine parameters are known, these control schemes cannot calculate the accurate efficiency optimized operation points. In this paper, the influence of these derivative terms on maximum torque per ampere (MTPA) control is analyzed and a method to take into account these derivative terms for MTPA operation is proposed based on the recently reported virtual signal injection control (VSIC) method for interior permanent magnet synchronous machine (IPMSM) drives. The proposed control method is demonstrated by both simulations and experiments under various operating conditions on prototype IPMSM drive systems.
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I. INTRODUCTION
T HE interior permanent magnet synchronous machines (IPMSM) have the advantages of high efficiency, high power density, and wide constant power operating range [1] . In order to achieve the efficiency optimal control of IPMSM drives, the maximum torque per ampere control (MTPA) scheme was proposed [2] - [4] . However, the IPMSMs are well known for their machine parameter uncertainty and nonlinear characteristics due to the high level of magnetic saturation, cross-coupling effects, and parameter dependency on temperature [5] . Therefore, to achieve the accurate MTPA operation is one of the significant challenges associated with the IPMSM control techniques and a large number of studies have been reported in the literature to improve the efficiency of the IPMSM drives. The state-of-the-art MTPA control schemes for IPMSM drives reported in literature can be classified broadly into three categories, i.e., lookup table based methods [6] - [8] , the mathematical model based techniques [4] , and the online search based techniques [9] , which also include the signal injection based techniques [10] - [13] .
The lookup table based methods are a kind of widely adopted MTPA control schemes which require relatively low computational load. The data in lookup tables can be obtained from a set of experiments [6] or from numerical analysis of electromagnetic field of the machine under consideration [8] . However, either the experiments or numerical analysis are time consuming and require considerable resources. More importantly, the accuracy of such control schemes cannot be guaranteed due to the manufacture tolerance, material property variations, and temperature influence.
The mathematical model based MTPA control schemes are another kind of widely adopted MTPA control schemes which utilize the inherent characteristic of the MTPA operation, i.e., the partial derivative of torque with respect to the current angle equals zero, to calculate the MTPA operation points online based on the mathematical model and machine parameters [3] , [4] . The machine parameters can be obtained from lookup tables [8] , [14] or from the online parameter estimations [15] - [19] . However, as discussed in [20] , most of these kinds of control schemes do not fully consider the machine parameter variations, i.e., ignoring the derivatives of machine parameters with respect to the current angle or d-axis current. Therefore, even though the accurate machine parameters can be known, these MTPA control schemes cannot accurately calculate the MTPA operation point and the deviation from the optimal increases with the load. This problem, indeed, is the main concern of this paper and it will be clarified and addressed in great detail.
Instead of online calculation, the online-search-based MTPA control schemes [9] , including the signal injection based MTPA control schemes [10] - [13] , adjust the current vector through perturbation until the MTPA condition is met for a given torque command. These MTPA control schemes are independent of machine parameters but need to inject perturbations into current vector or voltage vector. The perturbations will cause additional losses and harmonics which will deteriorate control performance and greatly limit the scope of this kind of approaches for the MTPA operation.
Recently, virtual signal injection control was proposed to track the MTPA points by injecting high-frequency signal into the IPMSM torque equation mathematically [21] - [23] . Since the VSIC scheme does not inject any real signal into motor, therefore, the additional power losses, increased current/voltage harmonics, and the resonant problems associated with the real signal injection are inherently avoided. The accuracy of virtual signal injection based MTPA control is analyzed in [20] and two forms of torque equations for injecting virtual signals are proposed. As discussed in [20] , by proper selecting the form of the torque equation, the error of MTPA control due to the neglect of the derivatives of machine parameters with respect to current angle or d-axis current can be partly canceled. However, the selection of the equation depends on machine characteristics [20] and the accuracy of virtual signal injection based MTPA control may vary with different motors and operation conditions.
In this paper, a compensation scheme that can compensate the error due to the neglect of the derivative of machine parameters with respect to current angle is proposed based on the virtual signal injection concept. The proposed control scheme is verified by simulations and experiments. It is shown that the proposed control scheme can compensate the error effectively and can achieve relatively high MTPA control accuracy.
II. INFLUENCES OF MACHINE PARAMETER VARIATION
The mathematical model of a three-phase IPMSM in d-q reference frame with sinusoidal stator current excitation is shown in (1) to (3) as follows: By ignoring the derivatives of machine parameters with respect to current angle (∂Ψ m /∂β, ∂L d /∂β, ∂L q /∂β), the wellknown mathematical model of MTPA curves [24] given by the following equations is derived [3] , [4] . They have been employed in IPMSM drives extensively [25] 
However, it is highly important to note that even though the machine parameters employed in (6) and (7) 2 a sin 2β(∂L q /∂β)/2 increases with load or current amplitude I a . Therefore, when the current amplitude I a is relatively large, the influence of these derivation terms would be significant around the MTPA points (∂T e /∂β = 0).
In order to study the influence of these derivative terms, simulations were performed based on a nonlinear IPMSM machine developed for distributed traction of a microsize electric vehicle with peak power of 10 kW at the base speed of 1350 r/min. The machine specifications are given in Table I . During the simulation, the current angle (β) varied from 20
• to 45
• with current amplitude equal to 80 A. The derivative terms 3pI a cos β(∂Ψ m /∂β)/2, −3pI 
As shown in Fig. 1 , the real MTPA point is the point where ∂T e /∂β = 0. However, if the derivative terms in (5) are ignored, the resultant MTPA point with error will be the intersection of the ∂T e /∂β curve and the error MTPA curve, i.e., ∂T e /∂β − error MTPA = 0. The current angle corresponding to the real MTPA point is about 36.7
• , however, the current angle of resultant MTPA point when the derivative terms are ignored is about 27.1
• , resulting in about 35% error in the current angle! This error will be greater as the current amplitude increases.
To illustrate the influence of the derivative terms on MTPA control, constant current loci for every 10 A from 20 to 120 A (the maximum current amplitude of the motor) together with the real MTPA points and the resultant MTPA points calculated by (7), i.e., when the derivative terms are ignored, are shown in Fig. 2 . The machine parameters in (7) are the same as the machine parameters in the nonlinear motor model.
As can be seen in Fig. 2 , due to the derivative terms, although the machine parameters in (7) are accurate, the errors of MTPA control based on (6) and (7) are still significant.
III. VIRTUAL SIGNAL INJECTION BASED CONTROL SCHEME FOR MTPA OPERATION
A. Principle of Virtual Signal Injection
The virtual signal injection based control schemes for MTPA operation have been reported in recent years [20] - [22] . This kind of control schemes can track the MTPA points online without injecting any real signals into motor. The VSIC schemes can be realized by the equations given in (9) and (10), respectively, depending on the characteristics of the motor [20] :
where
where ω h is the angular frequency of the perturbation injected into the d-and q-axis currents mathematically. According to (9) and (10), the resultant calculated torque perturbation T h e 1
and T h e 2 can be calculated based on the measured d-and q-axis currents, the reference d-and q-axis voltages, the rotor speed, and the nominal stator resistances mathematically. L d in (9) can be assumed to its nominal value or obtained from a lookup table.
As described in [22] and [26] , based on Taylor's series expansion, the left-hand side of (9) and (10) can be expressed as the following equations, respectively
T
According to (14) and (15), T h e 1 and T h e 2 contain the information of ∂T e 1 /∂β and ∂T e 2 /∂β, respectively. Thus, the information of ∂T e 1 /∂β or ∂T e 2 /∂β can be extracted by the signal processing scheme shown in Fig. 3 . The center frequency of the bandpass filter in Fig. 3 equals the virtually injected signal frequency (ω h ) to eliminate other higher order terms in (14) or (15) .
The output of the bandpass filter will be multiplied by sin(ω h t) and the result is given in (16) or (17) 
The right-hand side of (16) or (17) will be filtered by a first-order low-pass filter whose cutoff frequency is below the virtually injected signal frequency ω h to obtain the signal proportional to ∂T e 1 /∂β or ∂T e 2 /∂β. The output of the lowpass filter will be utilized to adjust the reference d-axis current or the reference current angle until it equals zero. In this way, the MTPA points can be approached [20] .
B. Error Analysis
In steady state, by the substitution of (1), (2), and (4) into (9) and (10), the derivatives of T e 1 and T e 2 with respect to the current angle can be deduced in (18) and (19), respectively. It is worth noting that since Δβ in (11) and (12) is injected mathematically and no real signal is injected into motor, the measured d-and q-axis currents and the reference d-and q-axis voltages will not vary with Δβ, nor do the machine parameters in (18) and (19) . Therefore, the output of the signal processing unit that is proportional to ∂T e 1 /∂β or ∂T e 2 /∂β also does not contain the derivative terms of the machine parameters with respect to β
Comparison of (5) with (18) yields
Comparison of (5) 
Since
Substitution of (24) and (25) into (23) yields
According to (22) , the virtual signal injection MTPA control based on (9) is equivalent to the conventional methods which are based on (6) and (7). However, only L d is needed.
According to (26) , for the motors that i d ∂L q /∂β is close to ∂Ψ d /∂β, the error 2 in (26) may be partly cancelled. In this case the MTPA control of the VSIC based on (10) may achieve better control accuracy than the virtual signal injection based on (9) and the methods based on (6) and (7) . However, this is dependent on the characteristic of the motor. More details can be found in [20] .
IV. PROPOSED CONTROL SCHEME
As discussed in Sections II and III, the MTPA control accuracy of the conventional MTPA control schemes based on (6) and (7), and the existing VSIC may be affected by the derivatives of machine parameters with respect to current angle. In order to compensate the error terms, the characteristics of the terms in (8) Fig. 1 . Consequently, the error due to neglect of the derivatives of machine parameters with respect to current angel can be effectively minimized by the compensation of −3pi
The compensation of −3pi d i q (∂L q /∂β)/2 requires the information of ∂L q /∂β. In order to extract the information of ∂L q /∂β, the knowledge of q-axis flux linkage (Ψ q ) is needed. The relationship between Ψ q and d-axis voltage is given as
Since the MTPA control only considers steady-state operation, the transient term (27) is ignored and the q-axis flux linkage can be estimated by the following equation through experiments or be calculated by the finite element analysis (FEA)
After Ψ q is mapped with respect to d-and q-axis currents, it can be modeled as an N-order polynomial in the following 
equation:
where a n is the coefficients of the polynomial. In this paper, Ψ q (i d , i q ) is mapped based on FEA data and a fifth-order polynomial is adopted to approximate Ψ q since it yields satisfactory accuracy with manageable computation. The fitted Ψ q (i d , i q ) map is shown in Fig. 4 . (13) is injected into the current angle, i.e., substitution of (11) and (12) into (29), the resultant q-axis inductance with the high-frequency component can be expressed as follows:
Based on Taylor's series expansion, the left-hand side of (30) can be expressed as follows:
Similar to the extraction of ∂T e 1 /∂β and ∂T e 2 /∂β, the information of ∂L q /∂β can be extracted by the signal processing scheme shown in Fig. 3 . It is worth noting that the information of ∂Ψ m /∂β and ∂L d /∂β in error MTPA can also be extracted by the same method. However, this increases the complexity of the control scheme and requires more information about machine parameters.
Since the extraction of the information of ∂T e 1 /∂β and ∂L q /∂β are based on the same signal processing scheme, they are combined together and shown in Fig. 5 . Fig. 5 shows the schematic of virtual signal injection blocks for the generation of reference d-axis current for MTPA q are summed and processed by the bandpass filter whose center frequency equals to ω h . The output of the bandpass filter is multiplied by sin(ω h t) and adjusted by a negative gain. The resultant signal is then processed by a low-pass filter and the output of the low-pass filter should be proportional to M which is given by (32)
The output of the low-pass filter is fed to an integrator to adjust the reference d-axis current until M is equal to zero. As can be seen in Fig. 1 , since the error MTPA is dominated by −3pi d i q (∂L q /∂β)/2, the error 3 given by (33) should be much smaller than error MTPA . Therefore, the MTPA control accuracy should be improved. It is worth noting that 3pi q (∂Ψ m /∂β)/2 and 3pi d i q (∂L d /∂β)/4 in error MTPA can also be compensated in the similar way. However, this increases the complexity of the control scheme and requires more information about machine parameters while the improvement of the control accuracy may not be significant. The delay caused by the bandpass filter and low-pass filter in Fig. 5 can be minimized by the self-learning control described in [27] . The overall schematic of the IPMSM drive control system employing the proposed control scheme is shown in Fig. 6 .
As shown in Fig. 6 , the reference d-axis current is generated by the virtual signal injection scheme illustrated in 
The resultant reference d-and q-axis currents will be compared with the measured d-and q-axis currents in proportionalintegral (PI) current controllers to generate the reference d-and q-axis voltages after decoupling.
V. SIMULATION STUDIES
In this section, the performance of the proposed VSIC scheme illustrated in Figs. 5 and 6 will be studied by simulations. Since the characteristic of the error MTPA in (8) may vary with different motors, the simulations were performed based on two nonlinear IPMSM drive system models. The motor specifications of the two IPMSMs are given in Tables I and II, respectively. The Fig. 4 is modeled as a fifth-order polynomial of dand q-axis currents. Moreover, the MTPA control performances of the existing VSIC schemes based on (9) and (10) and the conventional MTPA control based on the mathematical models given by (6) and (7) are also simulated and compared with the simulation results of the proposed control scheme.
A. Simulations Based on the First IPMSM Model
Simulations were first performed based on a high fidelity nonlinear motor model [28] whose specification is given in Table I . The real MTPA trajectory, the resultant control trajectory based on (7) or (9), the resultant control trajectory based on (10) , and the control trajectory generated by the proposed control scheme, in the form of I a versus optimal β curves are compared in Fig. 7 .
As can be seen in Fig. 7 , the resultant control trajectory of the proposed control scheme is always close to the real MTPA trajectory. The small error between the control trajectory of the proposed control scheme and the real MTPA trajectory is due to the neglect of 3pi q (∂Ψ m /∂β)/2 and
However, the control trajectory calculated by (7) with the same machine parameters of the motor model leads to significant errors with respect to the real MTPA trajectory. These errors will definitely affect the MTPA control performance. The existing VSIC based on (9) generates same control trajectory as the trajectories calculated by (7), which also contains the relatively large errors. The error of the existing VSIC based on (10) is smaller than that of the virtual signal injection based on (9) when I a > 40 A. This is due to the fact that i d ∂L q /∂β and ∂Ψ d /∂β in (26) cancel each other partly. However, when 0 A ≤ I a ≤ 40 A, the error of VSIC based on (10) is larger than that of the VSIC based on (9).
B. Simulations Based on the Second IPMSM Model
Simulations were also performed based on the second nonlinear IPMSM model whose specifications are given in Table II . The corresponding real MTPA trajectory, the resultant control trajectory based on (7) or (9), the resultant control trajectory based on (10) , and the control trajectory generated by the proposed control scheme are illustrated in Fig. 8 .
Again, the proposed control scheme tracks the real MTPA trajectory accurately. Moreover, as illustrated in Fig. 8 , the error of the existing VSIC based on (9) is smaller than that of the VSIC based on (10) when I a ≤ 200 A, but the existing virtual signal injection based on (10) has better MTPA control accuracy when I a > 200 A. Therefore, although the existing VSIC schemes based on (9) and (10) require less knowledge of machine parameters, their MTPA control performances vary with current amplitude and machine characteristics significantly. However, the proposed control scheme can always track the MTPA points with a relatively high accuracy.
C. Simulations With IPMSM Having Low Saliency Ratio
The two motor prototypes in this paper are specifically designed for electric vehicle (EV) tractions and their saliency ratios are typical for IPMSMs, i.e., between 2 and 3, for the purpose of high attainable reluctance torque. To represent the low saliency machines, L q of the first IPMSM model whose parameters are given in Table I has been multiplied by 0.6 and the saliency ratio was reduced to about 1.6. The drives have been simulated, and the results are illustrated in Fig. 9 .
As can be seen, the proposed scheme is much better than the control scheme based on (7) and (9) . The maximum deviation from the real MTPA point is about 4°when proposed drive is employed. This deviation is caused by the neglected error terms, i.e., 3pi q (∂Ψ m /∂β)/2 and 3pi d i q (∂L d /∂β)/4 in error MTPA , since these two error terms do not cancel each other exactly.
With a low salience ratio, the reluctance torque contribution is less significant. Hence, the MTPA point is less sensitive to β. Consequently, the small deviation in β will not result in a large difference in copper loss.
VI. EXPERIMENTAL RESULTS
In order to verify the proposed control scheme, experiments were performed on a 10 kW prototype IPMSM drive system. The IPMSM whose specifications are given in Table I is mounted via a high precision inline torque transducer on the test-rig and loaded by the dynamometer, as shown in Fig. 10 . During the tests, the motor was controlled in torque control mode. (29) is modeled as a fifth-order polynomial of d-and q-axis currents. L d in (9) is obtained from a lookup table which is generated based on FEA. In order to minimize the influences of the fundamental component and other harmonics on the output of the virtual signal injection, the frequency of the virtually injected signal should be as high as possible but the maximum frequency is limited by the sample rate of the controller. In this study, the frequency and amplitude of the virtually injected signal was set to 1000 Hz and 0.001 rad, respectively. The bandpass filter in Fig. 5 was designed to be of fourth order with a bandwidth of 1 Hz at the center frequency of the virtually injected signal.
A. MTPA Points Tracking Test
Tests were first performed to track the MTPA points when the motor speed was 400 r/min and the reference torque varied from 5 to 60 N·m in steps of 5 N·m. Fig. 11 shows the real MTPA points obtained by curve-fitting of the constant current amplitude locus, the control trajectory based on the proposed control scheme and the control trajectory based on virtual signal injection without the compensation of the derivative terms, i.e., the VSIC based on (9) . As can be seen in Fig. 11 , due to the error MTPA in (8), the resultant control trajectory of the existing virtual signal injection MTPA control based on (9) contained large errors and the MTPA control scheme based on (7) suffered from the similar problem even if the parameters used were accurate. However, the proposed control scheme compensated the −3pi d i q (∂L q /∂β)/2 term in error MTPA and the control accuracy was significantly increased. The relatively small error between the control trajectory of the proposed control scheme and the real MTPA trajectory was caused by a combination of the measurement error and the error in the Ψ q (i d , i q ) model as well as the error due to neglecting 3pi q (∂Ψ m /∂β)/2 and
Experiments were also performed when speed was 1000 r/min with reference torque varied from 5 to 60 N·m in steps of 5 N·m. The resultant control trajectories of the proposed control scheme and the existing virtual signal injection based on (9) are compared with the real MTPA trajectory shown in Fig. 12 . Again, the proposed control scheme compensated the error MTPA effectively and its performance is independent of motor speed when voltage saturation is not reached [22] .
The torque versus d-axis current trajectories plotted in Fig. 12 are shown in Fig. 13 . As can be seen, the neglect of error MTPA also caused large errors in the resultant d-axis currents and this error is significantly compensated by the proposed control scheme. The relatively small errors between the real MTPA trajectory and the resultant trajectory of the proposed control scheme may be caused by the error in Ψ q (i d , i However, since the constant current amplitude loci are smooth and flat around the MTPA points, the relatively small errors will not cause much additional copper loss. As mentioned in Section IV, the reference q-axis current is calculated by (34) based on reference torque. Therefore, if the output torque of the proposed control scheme and the control scheme based on (9) is the same, the resultant current magnitude will be different. Table III compares the current amplitudes of the two different control schemes when the torque is varied from 5 to 60 N·m and speed is kept at 1000 r/min. As can be seen, when the torque is low, the difference between the two control schemes is very small. The difference becomes noticeable when the torque is greater than 30 N·m. At 60 N·m, the difference reach 3.2% which implies that the proposed control would lead to ∼6.4% reduction in copper loss compared to the control scheme based on (9).
B. Performance During Payload Torque Changes
In order to illustrate the performance of the proposed control scheme during payload torque changes, the response of d-axis current to a step change in torque command from 50 to 55 N·m at speed of 1000 r/min is shown in Fig. 14 d-axis current is very close to the MTPA d-axis current. The small error will not cause much additional copper loss because the constant current amplitude loci shown in Fig. 13 are flat around the MTPA points. The small error between the measured and reference torques may be caused by the combined effect of the errors of machine parameters in (34) and the friction torque which is not accounted in the torque reference.
The resultant current angle with the same operation conditions of Fig. 14 is shown in Fig. 15 . Due to the step change of reference torque, the q-axis current increases, which results in initial decrease in the current angle. However, the proposed control scheme adjusts the current angle until it is close to the MTPA current angles.
VII. CONCLUSION
In this paper, the influence of the derivatives of machine parameters with respect to current angle on MTPA operation was analyzed. A virtual signal injection based control scheme has been proposed to compensate the errors for MTPA operation due to the derivative terms, and its performance has been validated by experiments. The MTPA control accuracies of the conventional model based MTPA control schemes, the existing VSIC schemes, and the proposed control scheme were compared. It has been shown that although the existing virtual signal injection based MTPA control schemes require less knowledge of machine parameters, their MTPA control performance vary significantly with current amplitude and machine characteristics. However, the proposed control scheme can always track the MTPA points with a relatively high accuracy. The limitation of the proposed control scheme is that it requires the knowledge of Ψ q as a function of d-and q-axis currents and inaccurate Ψ q (i d , i q ) may affect the MTPA control accuracy.
